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Abstract. It is our purpose to study complete self-shrinkers in Euclidean space. 
By introducing a generalized maximum principle for ^-operator, we give estimates 
on supremum and infimum of the squared norm of the second fundamental form 
of self-shrinkers without assumption on polynomial volume growth, which is as- 
sumed in Cao and Li 5 . Thus, we can obtain the rigidity theorems on complete 
self-shrinkers without assumption on polynomial volume growth. For complete 
proper self-shrinkers of dimension 2 and 3, we give a classification of them under 
assumption of constant squared norm of the second fundamental form. 



1. INTRODUCTION 

The mean curvature flow is a well known geometric evolution equation. The study of 
the mean curvature from the perspective of partial differential equations commenced 
with Huisken's paper [M] on the flow of convex hypersurfaces. Now the study of the 
mean curvature flow of submanifolds of higher codimension has started to receive 
attentions. 

One of the most important problems in the mean curvature flow is to understand the 
possible singularities that the flow goes through. Singularities are unavoidable as 
the flow contracts any closed embedded submanifold in Euclidean space eventually 
leading to extinction of the evolving submanifold. A key starting point for singularity 
analysis is Huisken's monotonicity formula because the monotonicity implies that 
the flow is asymptotically self-similar near a given singularity and thus, is modeled 
by self-shrinking solutions of the flow. 

Let X : M" — )■ M"+p be an ra- dimensional submanifold in the n + p-dimensional 
Euclidean space M""*"*'. If the position vector X evolves in the direction of the mean 
curvature H, then it gives rise to a solution to the mean curvature flow: 

F{-,t) : M" ^ M"+P 

satisfying F{-,0) = X(-) and 

(1.1) ^£^ = H{p,t), ip,t)eMx[0,T), 

where H{p,t) denotes the mean curvature vector of submanifold Mt = F{M"',t) at 
point F{p,t). The equation (1.1) is called the mean curvature flow equation. A 
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submanifold X : M" M"+p is said to be a self-shrinker in W^^^ if it satisfies 
(1.2) H = -X^, 

where denotes the orthogonal projection of X into the normal bundle of M" 
(cf. Ecker-Huisken [13]). 

U. Abresch and J. Langer [1] gave a complete classification of all self-shrinkers of 
dimension one, that is, self-shrinkers are curve. These curves are now called Abresch- 
Langer curves. 

In the hypersurface case, Huisken [151 HB] proved a classification theorem that the 
only possible smooth self-shrinkers M" in M"+^ with non-negative mean curva- 
ture, bounded \A\, and polynomial volume growth are isometric to F x ]R"~^ or 
S''{y/k) X M"-'=(0 < k <n). Here, T is a Abresch-Langer curve and S'^iVk) IS a 
fc- dimensional sphere. Colding and Minicozzi [TD] showed that Huisken's classifica- 
tion theorem still holds without the assumption that \A\ is bounded. Furthermore, 
they showed that the only smooth embedded entropy stable self-shrinkers with poly- 
nomial volume growth in R""*"^ are the hyperplane M", the sphere S^{^/n) and the 
cylinders S^{y/m) x M""™-, 1 < m < n — 1. Kleene-M0ller [18] classified complete 
embedded self-shrinkers of revolution in M""*"^. Based on an identity of Colding 
and Minicozzi (see (9.42) in [TD]), Le and Sesum [20] proved a gap theorem on the 
squared norm of the second fundamental form for self-shrinkers of codimension one: 

Theorem A (Le and Sesum [20]). Let M" be an n-dimensional complete embedded 
self-shrinker without boundary and with polynomial volume growth in M"+^. If the 
squared norm \A\^ of the second fundamental form satisfies \A\^ < 1 , then M" is a 
hyperplane. 

In the higher codimension case, K. Smoczyk in [22] proved that let M" be a complete 
self-shrinker with H ^ and with parallel principal normal vector u = H/\H\ in the 
normal bundle, if M" has uniformly bounded geometry, then M" must be F x R'^"^ 
or xW^~^ . Here F is an Abresch-Langer curve and M is a minimal submanifold in 
sphere. Very recently, Li and Wei [21] have proved this result in a weaker condition. 
Furthermore, Cao and Li [5] extended the classification theorem for self-shrinkers in 
Le and Sesum [20] to arbitrary codimension, and proved the following 

Theorem B (Cao and Li [5J). Let M" be an n-dimensional complete self-shrinker 
without boundary and with polynomial volume growth in R"+p (p > !)• If the 
squared norm \A\^ of the second fundamental form satisfies \A\^ < 1, then M" is 
one of the followings: 

(1) a round sphere S^{^/n) in R"+^, 

(2) a cylinder S"'{^/m) x R"-™, l<m<ra-lin R"+\ 

(3) a hyperplane in R"+^. 

We should remark that, in proofs of the above theorems for complete and non- 
compact self-shrinkers, integral formulas are exploited as a main method. In order 
to guarantee that the integration by part holds, the condition of polynomial volume 
growth plays a very important role. Moreover, Cao and Li [5j have asked whether it 
is possible to remove the assumption on polynomial volume growth in their theorem. 
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In this paper, our purpose is to study complete self-shrinkers without the assumption 
on polynomial volume growth. In order to do it, we extend the generalized maximum 
principle of Yau to ^-operator (see Theorem 3.1). By making use of the generalized 
maximum principle for ^-operator, we prove the following: 

Theorem 1.1. Let X : M" — )■ R^+p [p > 1) be an n- dimensional complete self- 
shrinker without boundary in R"+p, then one of the following holds: 

(1) sup 1^1 > 1, 

(2) \A\ = 0, i.e. M" is a hyperplane in IR"^-^. 

Corollary 1.1. Let X : M" — ]R"+*' > 1) be a complete self-shrinker without 
boundary, and satisfy 

sup < 1. 

Then M is a hyperplane in M""^"*^. 

Remark 1.1. The round sphere S"-{y/n) and the cylinder S'^{\/k) x M"~^, 1 < A; < 
n — 1 are complete self-shrinkers in R""*"-^ with \ A\ = 1. Thus, our result is sharp. 

Theorem 1.2. Let X : M" — > R""''-'^ be a complete self-shrinker without boundary. 
If inf if ^ > and |y4p is bounded, then inf \ A\'^ < 1. 

Corollary 1.2. Let X : M" — )■ R"+^ be a complete self-shrinker without boundary. 
If inf iJ^ > and \A\'^ is constant, then \A\'^ = 1 and M" is the round sphere 
^"(v^) or the cylinder S^{y/k) x R"-^ l<k<n-l. 

Remark 1.2. In [5l [ini [iSl HE] and so on, they assume that M" has polynomial 
volume growth. In our results, we do not assume the condition on polynomial volume 
growth. We should notice that condition inf > is necessary since Angenent |2] 
has proved that there exist embedded self-shrinkers from x 5*""^ into R""^^ with 
MH^ = (c/. [18]). 

In section 4, we shall consider complete proper self-shrinkers of 2 and 3 dimensions. 
We will try to classify complete proper self-shrinkers of 2 and 3 dimensions under 
condition that the squared norm of the second fundamental form is constant. 

Acknowledgements. We would like to express our gratitude to Professor H. Li 
and Dr. Y. Wei for many helpful discussions on self-shrinkers and for sharing their 
results in |2]J with us prior to publication in arXiv. We wish to thank professor G. 
Wei for useful suggestions. 

2. Preliminaries 

Let X : M" — )■ R'^+p be an n-dimensional connected submanifold of the (n+p)- 
dimensional Euclidean space R"+p. We choose a local orthonormal frame field 
{cAj^ta R"'*'^ with dual coframe field {0;^}^=^, such that, restricted to M^, 
Ci, ■ ■ ■ , e„ are tangent to M". The following conventions on the ranges of indices 
are used in this paper: 

1 < A,B,C,D <n-^p, l<i,j,k,l<n, n + 1 < a, /3, 7 < n + p. 
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Then we have 

i jo. 

and 



We restrict these forms to M", then 

(2.1) a;« = for n + l<Q;<n + p 

and the induced Riemannian metric of M" is written as ds\i — Yli^t- Ftom (2.1) 

i 

and Cartan's lemma, we get 

The induced structure equations of M" are given by 
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k ^ kl 

where 

(2.2) Rijki = E -z - hZh%) 

a 

denotes components of the curvatm^c tensor of M". The second fundamental form 
and the mean curvature vector field of M" are given by 



and 

a a i 

respectively. Let = ^ i^fj)^ be the squared norm of the second fundamental 

form and H = |H| denote the mean curvature of M". Prom (2.2), components of 
the Ricci curvature of M " are given by 

(2.3) Rik^Y.H'^^k-Y.K^l- 

a a.j 

Let Rapij denote components of the normal curvature tensor in the normal bundle. 
We have Ricci equations: 

(2.4) Ram = E {h^^u - ^i^i) ■ 

i 

Defining the covariant derivative of /i^ by 

(2.5) ^h^'^ = + E ^k^f^^ + E ''^'^^ + E ^S'^/^- 
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we obtain the Codazzi equations 

(2.6) h^, = h'^^. 

By taking exterior differentiation of (2.5), and defining 

(2.7) Yl ^"^ki^^ = ^^S^ + E Kk^^^ + E ^i^^""^^ + E ^'^31^^^ + E Kk^p-^ 

I I I I p 

we have the following Ricci identities: 

(2.8) h'^ji^i — h^ji^ = ^ h'^jRjniki + ^ hlj^Rmjki + ^ h^jR/saki- 

m m p 

Let / be a smooth function on M", we define the covariant derivatives /j, /jj, and 
the Laplacian of / as follows 

^/ = E E •^^^■^j' = + E •^^■^j*' = E 

The first and second covariant derivatives of the mean curvature vector field H are 
defined by 

J2 H%uj, = dH^t + E H>^^ + E 

j j p 

The following elliptic operator C introduced by Colding and Minicozzi in |10j will 
play a very important role in this paper: 

(2.9) £/ = A/-(X,V/) 

where A and V denote the Laplacian and the gradient operator on the self-shrinker, 
respectively and (•, ■) denotes the standard inner product of M""*"^. In [7], we have 
studied eigenvalues of the £ operator. The sharp universal estimates for eigenvalues 
of the C operator on compact self-shrinkers are obtained. 



3. Proof of main results 

In order to prove our results, first of all, we prove the following generalized maximum 
principle for /^-operator on self-shrinkers: 

Theorem 3.1. [Generalized maximum principle for C-operator ) Let X : M" — )■ 

MJ^^P [p > 1) be a complete self-shrinker with Ricci curvature bounded from below. 
Let f be any C"^ -function bounded from above on this self-shrinker. Then, there 
exists a sequence of points {pk} C M"-, such that 

(3.1) lim f{X{pk)) = supf, lim \Vf\{X{pk)) = 0, limsup £/(X(j9fc)) < 0. 

Proof. Since this self-shrinker is a complete Riemannian manifold with Ricci cur- 
vature bounded from below and / is a C^-function bounded from above on it, by 
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the generalized maximum principle of Yau in |8], then, there is a sequence of points 
{Pk} C M", such that 

lim f{X{pk)) = supf, 

re— j-oo 

3.2 hm V/ X pfc = hm = 0, 

fc^oo fc^oo k{Y{Pk) + 2) log(7^(pfc) + 2) 

and 

(3.3) limsupA/(X(p,)) <0, 

where 7(p) denotes the length of the geodesic from a fixed point X{po) to X{p). 
Since X is the position vector, then, we have 

\X{pk)\<Ypk) + \X{po)\ 

By Cauchy-Schwarz inequality, we have 

\{X{p,),Vf{X{p,)))\ < |V/(X(pfe))| ■ \X{p,)\ 

2{f{X{pk)) - f{X{po)) + Ihipk) i^^^^^i 



< 



< 



kiYiPk) + 2)logiYiPk) + 2) 
2{f{X{p,)) - /(X(po)) + l)i{pu){l{Pk) + \X{po)\) 

A;(72(pfc) + 2)log(72(p,) + 2) 
2(/(X(pfc)) - /(X(po)) + 1) , 2{f{X{pu))-f\X{po)) + lh{pu)\X{po)\ 



k log(72(pfc) + 2) k{-i\pk) + 2) log(72(pfc) + 2) 

According to (3.2) and the above inequality, we have 

hm |(X(p,),V/(X(p,)))l = 0. 

Since £/ = A/ — (X, V/), the above formula and (3.3) imply 

limsup£/(X(pfc)) < 0. 

fc— >-oo 

□ 

Now we prove the theorem 1.1 as follows: 

Proof of Theorem 1.1. Since M" is a complete self-shrinker, the self-shrinker equa- 
tion (1.2) is equivalent to 

(3.4) H° = -{X,ea), n + l<a<n + p. 
Taking covariant derivative of (3.4) with respect to Cj, we have 

(3.5) i/^-^ = ^/iffc(X,efc), l<i<n, n + l<a<n + p. 

k 

Furthermore, by taking covariant derivative of (3.5) with respect to Cj, we have 

k I3,k 



(3.6) 

'kj^ 



Y,Kk,{X,eu) + h%-Y,H^h!l,hl 



)3,k 
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According to (3.6), we obtain 

(3.7) C\H\^ = 2\VH\^ + 2\H\^ - 2 J] H'^H^h^h^^. 

a,/3,i,k 

In fact, 

C\H\^ = A|iJp - {x,V\H\^) 

a,i a,k 

^2\VH\^ - 2Y,H-Hl{X,eu) 

a,k 



= 2\VH\^ + 2\H\^ -2 H'^H'^hfkh^^. 

By the Cauchy-Schwarz inequality, we have 

I H'^H^hlhil < \A\'\H\'. 

a,f),i,k 

Hence, from (3.7) and the above inequahty, we get 

(3.8) C\H\^ > 2\VH\'^ + 2(1 - \Af)\H\'^. 

If sup 1^4 p > 1, there is nothing to do. From now, we assume that sup | < 1. 
Thus, ^{hfj)"^ < 1. Together with (2.3), it is easily seen that Ricci curvature 

is bounded from below. Since < < 1 and by applying the generalized 
maximum principle for >C-operator to the function H^, we have, from (3.8) 

> limsup>C|//|^ > 2(1 -sup|AHsup|//|2. 

Hence, from sup \A\ < 1, we have sup = 0, that is, H = 0. M" is totally 
geodesic. Prom (1.2), we know that is a smooth minimal cone. Hence, M" is a 
hyperplane and \A\ = 0. 

□ 

Proof of Theorem 1.2. Since \A\'^ is bounded, we know that H is bounded and the 
Ricci curvature is bounded from below by (2.3). Without loss of generality, we can 
assume that inf i7 > according to inf H"^ > 0. By a direct computation, we have 

CH ^{1-\A\'')H. 

Applying the generalized maximum principle for >C-operator to — i?, we obtain 

< (1 - inf |A|2) mlH. 
Since inf H > 0, we have inf |Ap < 1. This finishes the proof of the theorem 1.2. 

□ 
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Proof of Corollary 1.2. According to the theorem 1.2, we have inf |y4p < 1. Since 
if 7^ 0, we know that M" is not totally geodesic. According to the theorem 1.1, we 
know sup Since |y4p is constant, we obtain \A\^ = 1. Since the codimension 



of is one, we have 



(3.9) -£|A|2 = |Vv4|2+ |v4|2(l - |A 



Indeed, since 



we have 



2 

^ijkk ~ ^kkij + ^"i^ Rmkjk + ^fcm Rmijk, 
m m 

^^Ij"^ = 5Z ^kkij + X] ^'^^^rnkjk + ^ Km^rnijk 
k m,k m,k 

|2t n+1 



k 



Hence, we have 

(3.10) ch:i;' = (1 - \AfK;\ 

From (3.10), we infer 

= |VAp+ |A|2(1 - \A\^). 

Therefore, from (3.9), we obtain |VAp = since |Ap = 1. Namely, the second 
fundamental form of M" is parallel. According to the theorem of Lawson [19], we 
know that M" is isometric to the round sphere S"^{^/n) or the cylinder S^{\/k) x 
W-'', l<k<n-l. 

□ 



4. Self-shrinkers of dimension two and three 

In this section, we assume that X : M" — M"+p is a complete proper self-shrinker 
with = 2 or n = 3. In [12], Ding and Xin have proved that a two dimensional 
complete proper self-shrinker in is a plane, a sphere or a cylinder. By the theorems 
of Li and Wei |[21j and a simple observation, we can prove the following. 

Theorem 4.1. Let X : — )■ fee a 3- dimensional complete proper self-shrinker 
without boundary and with H > 0. If the principal normal u = ^ is parallel in 
the normal bundle of and the squared norm of the second fundamental form is 
constant, then is one of the following: 

(1) S'^iVk) X R3-^ 1 < A; < 3 with \A\^ = 1, 

(2) S\l) X S\l) X M with \A\^ = 2, 

(3) S\l) X S\V2) with \ A\^ = 2, 

(4) the three dimensional minimal isoparametric Cartan hypersurface with |v4p = 
3. 
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Proof. Since is a complete proper self-shrinker, we know that has polynomial 
volume growth from the result of Ding and Xin [TT] or X. Cheng and Zhou [H] . Thus, 
from the theorem 1.1 of Li and Wei |21j, we know that is isometric to F x 
or X M^~^, where F is an Abresch-Langer curve and M is a compact minimal 
hypersurface in sphere S^^^{y/r). 

Since \A\'^ is constant, then the Abresch-Langer curve F must be a circle. In this 
case, is isometric to 5'-'^(l) x M^. 

If < 1, from the results of Cao and Li [5], we have |y4p = 1 and is 
S''{^/k) X M3-fe^ 1 < A; < 3. Hence, we can only consider the case of \A\'^ > 1. 
When r = 2, M is a compact minimal surface in sphere S^{\/2) with the squared 
norm of the second fundamental form \A\'^ = — 1. Thus, M is the Clifford torus 
S\l) X S\l) in SW2). 

When r = 3, M is a compact minimal hypersurface in sphere S^{\/3) with a constant 
squared norm of the second fundamental form, that is, = |Ap — 1. Thus, M is 
the Clifford torus S^{1) x S^{y/2) in S'^{y/3) with \A\^ = 2 or the three dimensional 
minimal isoparametric Cartan hypersurface in 5"^(\/3) with \A\'^ = 3 according to 
the solution of Chern's conjecture for n = 3 in [6]. This finishes the proof of the 
theorem 4.1. □ 

Theorem 4.2. Let X : — )► M^+p [p > 1) be a 2- dimensional complete proper 
self-shrinker without boundary and with H > 0. If the principal normal u = ^ is 
parallel in the normal bundle of M"^ and the squared norm of the second fundamental 
form is constant, then is one of the following: 

(1) ^^'(v^) X 1 < k < 2 with \A\ ^ = 1, 

(2) the Boruvka sphere S'^{y^m{m + 1)) in S'^''^{y/2) withp = 2m — 1 and \ A\'^ = 
2 2 

m{m+l) ' 

(3) a compact fiat minimal surface in S'^'""'"^(a/2) withp = 2m and = 2. 

Proof. Since is a complete proper self-shrinker, we know that has polynomial 
volume growth from the result of Ding and Xin [11] or X. Cheng and Zhou [9] . Thus, 
from the theorem 1.1 of Li and Wei j21j, we know that is isometric to F x 
or M^, where F is an Abresch-Langer curve and M is a compact minimal surface in 
sphere Sp+\V2). 

Since is constant, then the Abresch-Langer curve F must be a circle. In this 
case, is isometric to >S'"^(1) x M. 

If I^P < 1, from the results of Cao and Li [5j, we have |y4p = 1 and is 
S''{Vk) X M^-fc^ 1 < A; < 2. Hence, we can only consider the case of \A\'^ > 1. 
Since M is a compact minimal surface in sphere S^~^^{\/2) with a constant squared 
norm of the second fundamental form, that is, \A\'^ = |y4p — 1. Thus, M is a compact 
minimal surface in sphere S'^"'"^(-\/2) with constant Gauss curvature. According 
to the classification of minimal surface in sphere S^^^{\/2) with constant Gauss 
curvature due to Bryant (cf. Calabi |4j, Kenmotsu [17] and Wallach |23j), we 
know that is isometric to a Boruvka sphere S'^{^Jm{m + 1)) in S'^™'(\/2) with 
p = 2m — 1 and |Ap = 2 — or a compact flat minimal surface in S'^™'^^(-\/2) 

with p = 2m and |y4p = 2. This finishes the proof of the theorem 4.2. □ 
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